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1. – $A,$ $B$ Hibert space positive operators
[14] ( $\alpha$-power mean)
$A\#\alpha B=A^{3}(A^{-\}}BA^{-\}})^{\alpha}A^{\}}$ for $0\leq\alpha\leq 1$ .
$[1],[10]$ $[3],[5]$
Ando-Hiai Theorem: For $A,$ $B>0$ ,
$(\mathrm{A}\mathrm{H})$ $A\# aB\leq I$, $\Rightarrow$ $A^{r}\#\alpha B^{r}\leq 1$ holds for $r\geq 1$ .
–
Theorem A. For a $\in(0,1)$ fixed,
(GAH) $A\#\alpha B\leq I$ $\Rightarrow$ $A^{r}\#\infty 1-\epsilon\cdot+\alpha rB^{\iota}\leq I$ for $r,$ $s\geq 1$ .
$([6],[7],[9])$
Furuta inequality: $IfA\geq B\geq 0$, then for eachr $\geq 0$ ,
(F) $A^{\mathrm{R}^{f}}\mathrm{q}\geq(A^{r}\pi B^{\mathrm{p}}A^{\prime\iota}\pi)q$
holds for $p$ and $q$ such that $p\geq 0$ and $q\geq 1$ utth $(1+r)q\geq p+r$ .
a-power mean $[2|,[11]$
(F) $A\geq B\geq 0$ $\Rightarrow$ $A^{-r}\#_{p}1+_{f}rB^{\mathrm{p}}\leq A$ for $p\geq 1$ and $r\geq 0$ .
$[11],[12]$
$(\mathrm{S}\mathrm{F})$ $A\geq B\geq 0$ $\Rightarrow$ $A^{-r}\#_{\mathrm{p}}1\not\in_{r}B^{p}\leq B(\leq A)$ for $p\geq 1$ ud $r\geq 0$ .
$(\mathrm{A}\mathrm{H})$ $(\mathrm{S}\mathrm{F})$ (F) (F) $(\mathrm{A}\mathrm{H})$
$(GAH)$ $(F)$
Proposition.
$(GAH)$ implies $(F)$ .
Proof. Since $A\geq B\geq 0$ is equivalent to $A^{-1}\#_{p}\iota A^{-:}B^{\mathrm{P}}A^{-\}}\leq I$ , (GAH) leads
$A^{-(r+1)}\#$
$.\mathrm{r}\pm 1$
$A^{-:}B^{p}A^{-:}\leq I$ for $r\geq 0,$ $p\geq 1$ .
$\frac{\emptyset}{(1-1_{)+^{f}}\lrcorner\underline{1},\mathrm{p}\mathrm{p}}$
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This is equivalent to
$A^{-(r+1)}\#_{pf}f+^{1}A^{-\}}B^{p}A^{-\}}\leq I$ .
So we have
$A^{-r}\# 1*_{f}rB^{p}\leq A$ .
2. . – $(\mathrm{A}\mathrm{H})$ . [1] $(\mathrm{A}\mathrm{H}_{0})$
$(\mathrm{A}\mathrm{H}_{0})$ $A^{-1}\#\iota,$
$A^{-:}B^{p}A^{-\}}\leq I$ $\Rightarrow$ $A^{-r_{\#_{p}}}\mathrm{A}(A^{-:}B^{p}A^{-\}})^{r}\leq I$ for $p\geq 1$ and $r\geq 1$ .
$(\mathrm{A}\mathrm{H}_{0})$ $(\mathrm{A}\mathrm{H}_{0})$ (F) – $([8],[9])$
Grand Furuta inequality: If $A\geq B\geq 0$ and $A$ is invertible, then for each $1\leq p$ and
$0\leq t\leq 1$ ,
$(\mathrm{G}\mathrm{F})$ $A^{-r}\#_{\frac{\iota-\iota+r}{(p-l)\cdot+\prime}}(A^{\overline{T}^{\underline{l}}}B^{\mathrm{p}}A^{\overline{T}^{l}})^{\iota}\leq A^{1-\mathrm{C}}$
holds for $t\leq r$ and $1\leq s$ .
$([3],[113],[14])$
(SGF) $A^{-r+l}\#_{\frac{1-*\neq r}{(p-l)\cdot\neq r}}(A^{t}\mathfrak{h}_{*}B^{p})\leq B(\leq A)$
holds for $t\leq r$ and $1\leq s$ .
$\#$ $\alpha$-Power mean
$A\mathfrak{h}_{r}B=A^{\}}(A^{\mathrm{i}\#\mathrm{r}}BA)^{r}A^{1}\mathrm{f}\mathrm{o}\mathrm{r}r\not\in[0,1]$
$(\mathrm{G}\mathrm{F})$ $t=1,$ $r=s$ $(\mathrm{A}\mathrm{H}_{0}),$ $t=0,$ $s=1$ (F)
(GAH) $(\mathrm{S}\mathrm{F}),$ $(\mathrm{A}\mathrm{H}_{0})$
Theorem. If $A\geq B\geq 0$ and $A$ is invertible, then for each $1\leq p$ and $0\leq t\leq 1$ ,
$A^{-r+t} \#_{\frac{1-l+\prime}{(p-l)\cdot+\mathrm{r}}}(A^{t}\mathfrak{h}_{*}B^{p})\leq A^{t}\#\frac{1-l}{p-1}B^{\mathrm{p}}$
holds for $t\leq r$ and $1\leq s$ .
Proof. if $A\geq B\geq 0$ , then $A^{t}\geq B^{\mathrm{t}}$ for $t\in[0,1]$ by the L\"owner-Heinz inequality. For
$p\geq t>0,$ $B^{t}\leq A^{\}$ which i8 equivdent to $A^{-t}\#\iota,$ $A^{-f}B^{\mathrm{p}}A^{-i}\leq I$. By (GAH), we have
$A^{-tr_{1}}\#$
$\underline{tr}\iota$
$(A^{-\}}B^{\mathrm{p}}A^{-:})^{\iota}\leq I$ for $r_{1},$ $\epsilon\geq 1$
$\frac{}{(1-\mathrm{A}_{)\cdot+^{\mathrm{p}}}arrow r,p},$
’
Let $r_{1}= \frac{r}{t}$ , then
$A^{-r} \#\frac{r}{(p-|)\cdot+r}(A^{-\mathrm{i}_{B^{\mathrm{p}}A^{-\mathrm{i}_{)^{\partial}=(A^{-\mathrm{i}_{B^{p}A^{-:})^{\iota}\#-l}}}}}}\tau^{4}\mathrm{p}-l+.\cdot rA^{-r}\leq I$ .
Thi8 is equivalent to
$(A^{t}\mathfrak{h}_{\ell}B^{p})\#\neq,\mathit{5}^{t}+_{r}.\cdot A^{-r+t}\leq A^{t}$ .
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Hence we have the conclusion by the following calculations.
$\leq$
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